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Abstract 

It was previously argued that the phenomenon of quantum gravitational decoherence described by 
the Wheeler-DeWitt equation is responsible for the emergence of the arrow of time. Here we show 
that the characteristic spatio-temporal scales of quantum gravitational decoherence are typically 
logarithmically larger than a characteristic curvature radius of the background space-time. 

This largeness is a direct consequence of the fact that gravity is a non-renormalizable theory, and 
the corresponding effective field theory is nearly decoupled from matter degrees of freedom in the 
physical limit Mp —)• oo. Therefore, as such, quantum gravitational decoherence is too ineffective to 
guarantee the emergence of the arrow of time and the “quantum-to-classical” transition to happen 
at scales of physical interest. We argue that the emergence of the arrow of time is directly related 
to the nature and properties of physical observer. 
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I. INTRODUCTION 


Quantum mechanical decoherence is one of the cornerstones of the quantum theory 1, 
Macroscopic physical systems are known to decohere during vanishingly tiny fractions of 
a second, which, as generally accepted, effectively leads to emergence of a deterministic 
quasi-classical world which we experience. The theory of decoherence has passed extensive 
experimental test^and dynamics of the decoherence process itself was many times observed 


in the laboratory 3 


15|. The analysis of decoherence in non-relativistic quantum mechanical 


systems is apparently based on the notion of time, the latter itself believed to emerge due 
to decoherence between different WKB branches of the solutions of the Wheeler-DeWitt 
equation describing quantum gravity 2|, 


16 


19|. Thus, to claim understanding of decoherence 


“at large”, one has to hrst understand decoherence in quantum gravity. The latter is clearly 
problematic, as no consistent and complete theory of quantum gravity has emerged yet. 

Although it is generally believed that when describing dynamics of decoherence in rela¬ 
tivistic held theories and gravity one does not face any fundamental difficulties and gravity 


decoheres quickly due to interaction with matter 


20 


23(1, we shall demonstrate here by sim¬ 


ple estimates that decoherence of quantum gravitational degrees of freedom might in some 
relevant cases (in particular, in a physical situation realized in the very early Universe) ac¬ 
tually be rather ineffective. The nature of this ineffectiveness is to a large degree related to 
the non-renormalizability of gravity. To understand how the latter inhuences the dynamics 
of decoherence, one can consider theories with a Landau pole such as the scalar held 

n 

theory in d = 4 dimensions. This theory is believed to be trivial |24j |. since the physical 
couplin g Aphvs vanishes in the continuum limit 2^. When d > 5, where the triviality is 


certain 


26 


27| . critical exponents of theory and other theories from the same universal¬ 


ity class coincide with the ones predicted by the mean held theory. Thus, such theories are 
ehectively free in the continuum limit, i.e., Aphys ~ t 0 when the UV cutoh A —)■ cx). 

Quantum mechanical decoherence of the held states in such QFTs can only proceed through 
the interaction with other degrees of freedom. If such degrees of freedom are not in the 
menu, decoherence is not simply slow, it is essentially absent. 

In ehective held theory formulation of gravity dimensionless couplings are suppressed by 
negative powers of the Planck mass Mp, which plays the role of UV cutoh and becomes 
inhnite in the decoupling limit Mp —)■ oo. Decoherence times for arbitrary conhgurations 
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of quantum gravitational degrees of freedom also grow with growing Mp although, as we 
shall see below, only logarithmically slowly and become inhnite at complete decoupling. If 
we recall that gravity is almost decoupled from physical matter in the real physical world, 
ineffectiveness of quantum gravitational decoherence does not seem any longer so surprising. 
While matter degrees of freedom propagating on a hxed or slightly perturbed background 
space-time corresponding to a hxed solution branch of the WdW equation decohere very 
rapidly, decoherence of different WKB solution branches remains a question from the realm 
of quantum gravity. Thus, we would like to argue that in order to ht the ineffectiveness of 
quantum gravitational decoherence and a nearly perfectly decohered world which we experi¬ 
ence in experiments, some additional physical arguments are necessary based on properties 
of observer, in particular, her/his ability to process and remember information. 

This paper is organized as follows. We discuss decoherence in non-renormalizable quan¬ 
tum held theories and relation between non-renormalizable QFTs and classical statistical 
systems with hrst order phase transition in Section [TTl We discuss decoherence in non- 
renormalizable held theories in Section HTTI using both hrst- and second-quantized formalisms. 
Section lYl is devoted to the discussion of decoherence in dS space-time. We also argue that 
meta-observers in dS space-time should not be expected to experience ehects of decoherence. 
Standard approaches to quantum gravitational decoherence based on analysis of WdW solu¬ 
tions and master equation for the density matrix of quantum gravitational degrees of freedom 
are reviewed in Section 0 Finally, we argue in Section IVll that one of the mechanisms re¬ 
sponsible for the emergence of the arrow of time is related to ability of observers to preserve 
information about experienced events. 


II. PRELIMINARY NOTES ON NON-RENORMALIZABLE FIELD THEORIES 

To develop a quantitative approach for studying decoherence in non-renormalizable held 
theories, it is instructive to use the duality between quantum held theories in d space-time 
dimensions and statistical physics models in d spatial dimensions. In other words, to gain 
some intuition regarding behavior of non-renormalizable quantum held theories, one can hrst 
analyze the behavior of their statistical physis counterparts describing behavior of classical 
systems with appropriate symmetries near the phase transition. 

Consider for example a large class of non-renormalizable QFTs, which includes theories 


3 


with global discrete and continuous symmetries in the number of space-time dimensions 
higher than the upper critical dimension d^p'- d > d^p- Euclidean versions of such theories 


are known to describe a vicinity of the 1st order phase transition on the lattice [28j, and 
their continuum limits do not formally exist 2^: even at close proximity of the critical 
temperature T = physical correlation length of the theory ^ ~ "^phys ~ {T-Tc) never 
becomes infinite. 

One notable example of such a theory is the A(0^ — scalar statistical field theory, 
describing behavior of the order parameter 0 in the nearly critial system with discrete Z 2 


symmetry. This theory is trivial 


M 


27| in d > dup = 4 j^. Triviality roughly follows 
from the observation that the effective dimensionless coupling falls off as when the 

continuum limit cxo is approached. 

What does it mean physically? First, the behavior of the theory in d > 4 is well approx¬ 
imated by mean field. This can be readily seen when applying Ginzburg criterion for the 


applicability of mean field approximation 


31| : at d > 4 the mean field theory description is 


applicable arbitrarily close to the critical temperature. This is also easy to check at the dia¬ 
grammatic level; the two-point function of the field 0 has the following form in momentum 
representation 

(0(-p)0(p)) ~ + ml + 


where = a{T — Tc), and at one loop level (see Fig. [T]) 

where g = is the dimensionless coupling. The first term in the r.h.s. of ([T]) represents 

the mean field correction leading to the renormalization/redefinition of Tc. The second 
term is strongly suppressed at d > 4 in comparison to the first one. The same applies to 
any high order corrections in powers of A as well as corrections from any other local terms 
~ 0®, 0®,... ... in the effective Lagrangian of the theory. 

As we see, the behavior of the theory is in fact simple despite its non-renormalizability; 
naively, since the coupling constant A has a dimension [/]'^“^, one expects uncontrollable 
power-law corrections to observables and coupling constants of the theory. Nevertheless, as 
(fTl) implies, the perturbation theory series can be re-summed in such a way that only mean 
field terms survive. Physics-wise, it is also clear why one comes to this conclusion. At d > 4 
Z 2 -invariant statistical physics models do not possess a second order phase transition, but 
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Figure 1. One- and two-loop contributions to S(p) in EFT. 


of course do possess a first order one 


32| . Behavior of the theory in the vicinity of the first 


order phase transition can always be described in the mean field approximation, in terms of 
the homogeneous order parameter $ = {(f)). 

Our argument is not entirely complete as there is a minor culprit. Assume that an 
effective field theory with the EFT cutoff A coinciding with the physical cutoff is considered. 
Near the point of the 1st order phase transition, when the very small spatial scales (much 
smaller than the correlation length ^ of the theory) are probed, it is almost guaranteed that 
the probed physics is the one of the broken phase. The first order phase transition proceeds 
through the nucleation of bubbles of a critical size ~ (T — ~ thus very small 

scales correspond to physics inside a bubble of the true vacuum (0) = ±u, and the EFT of 
the field 6(f> = (f> — {(f>) is a good description of the behavior of the theory at such scales. As 
the spatial probe scale increases, such description will inevitably break down at the IR scale 
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IR 
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where m ~ ~ \/~Xv 0 in the pre-critical limit. This scale is directly related to the 

nucleation rate of bubbles: at scales much larger than the bubble size R one has to take 
into account the stochastic background of the ensemble of bubbles of true vacuum on top of 
the false vacuum, and deviation of it from the the single-bubble background (0) = ±u leads 
to the breakdown of the effective field theory description, see Fig. [2l Spatial homogeneity 
is also broken at scales m~^ < I <C Rtb. by this stochastic background, and this large-scale 
spatial inhomogeneity is one of the reasons of the EFT description breakdown. 

Finally, if the probe scale is much larger than ^ ~ (T — (say, roughly, of the order 

of Rir or larger), the observer probes a false vacuum phase with {(f>) = 0. Z 2 symmetry 
dictates the existence of two true minima (0) = ±u, and different bubbles have different 
vacua among the two realized inside them. If one waits long enough, the process of constant 
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Figure 2. A possible configuration of order parameter in the Z 2 statistial model in d > 5 spatial 
dimensions. The left panel represents the configuration of the field at scales slightly larger than 
the critical radius i^crit ~ that coinsides with the size of bubbles of the true vacuum with broken 
Z 2 symmetry; + corresponds to bubbles with the vacuum +$0 inside, and — to the bubbles with 
the vacuum — $ 0 - At much larger scales of the order of i?iR, given by the expression ([2]) (<h) = 0 in 
average, as the contribution of multiple bubbles with <f> = +<ho is compensated by the contribution 
of bubbles with <1> = — ^>o- 

bubble nucleation will lead to self-averaging of the observed (0). As a result, the “true” (0) 
measured over very long spatial scales is always zero. 

The main conclusion of this Section is that despite the EFT breakdown at both UV 
(momenta p > A) and IR (momenta p < ) scales, the non-renormalizable statistical 

A 0 ^ theory perfectly remains under control: one can effectively use a description in terms of 
EFT at small scales ^ P ^ A and a mean field at large scales. In all cases, the physical 
system remains nearly completely described in terms of the homogeneous order parameter 

= (0) or a “master field”, as its fluctuations are almost decoupled. Let us now see what this 
conclusion means for the quantum counterparts of the discussed statistical physics systems. 

III. DECOHERENCE IN RELATIVISTIC NON-RENORMALIZABLE EIELD THE¬ 
ORIES 

We first focus on the quantum field theory with global Z 2 -symmetry. All of the above 
(possibility of EFT descriptions at both R 7 E < k and E <C Ri\, breakdown of EFT 
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aX E K and E ~ with Rir given by the expression ([2])) can be applied to the 
quantum theory, but there is an important addition concerning decoherence, which we shall 
now discuss in more details. 

A. Master field and fiuctuations 

As we discussed above, for the partition function of the Z 2 —invariant statistical field 
theory describing a vicinity of a first order phase transition 1 one approximately 

has 

Z = y P0exp y ± + .. .^^ (3) 

^ y d<hexp , (4) 

where Vd is the d—volume of the system, and d > 5 as in the previous Section. Physically, 
the spatial fiuctuations of the order parameter 0 are suppressed, and the system is well 
described by statistical properties of the homogeneous order parameter $ rNJ (</>)■ 

The Wick rotated quantum counterpart of the statistical physics model ([3]) is determined 
by the expression for the quantum mechanical “amplitude” 

A(4)o,fo;$,t) ~ y {iVd-iT = 

= ^ P$exp (tVd-, f dt - ^A<hy ) , (5) 

J^{to)=^o V Jto \ ^ ^ ) J 

written entirely in terms of the “master field” <h (as usual, Vd-i = f d^~^x is the volume of 

(d—l)-dimensional space). In other words, in the first approximation the non-renormalizable 

A0^ theory in d > 5 dimensions can be described in terms of a master field <I>, roughly 

homogeneous in space-time. As usual, the wave function of the field can be described as 


where <I>o and to are fixed, while $ and t are varied, and the density matrix is given by 

= TrT($,f)T*($',f), (6) 

where the trace is taken over the degrees of freedom not included into <I> and namely, 
fiuctuations of the field 6(j) above the master field configuration <h. The contribution of the 
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latter can be described using the prescription 


X exp i 


A 


(TX 


d^V5(f)e^^{iVd-iT ( ))x 


1(550)2 T lm2502 _ lA<h2502 _ ^$350 _ a<I>503 - ... 


( 7 ) 


In the “mean field” approximation (corresponding to the continuum limit) A —)■ 0 fiuctuations 
50 are completely decoupled from the master field <h, making ([S]) a good approximation of the 
theory. To conclude, one physical consequence of the triviality of statistical physics models 
describing vicinity of a first order phase transition is that in their quantum counterparts 
decoherence of entangled states of the master field $ does not proceed. 

B. Decoherence in the EFT picture 

When the correlation length ^ ~ is large but finite, decoherence takes a finite but 

large amount of time, essentially, as we shall see, determined by the magnitude of This 
time scale will now be estimated by two different methods. 

As non-renormalizable QFTs admit an EFT description (which eventually breaks down), 
dynamics of decoherence in such theories strongly depends on the probe scale, coarse-graining 
effectively performed by the observer. Consider a spatio-temporal coarse-graining scale 
I > and assume that all modes of the field 0 with energies/momenta < p A 
represent the “environment”, and interaction with them leads to the decoherence of the 
observed modes with momenta p < . If also p > EFT expansion near (0) is 

applicable. In practice, similar to Kenneth Wilson’s prescription for renormalization group 
analysis, we separate the field 0 into the fast, 0/, and slow, 0^, components, considering 0/ 
as an environment, and since translational invariance holds “at large”, 0^ and 0j are linearly 


separable 


m 


The density matrix p{t, 0^, 0'^) of the “slow” field or master field configurations is related 
to the Feynman-Vernon influence functional S'/[0i,02] of the theory 2l| according to 


p(0 0., 0s) = / d0oC?0oP(0 00, 0o) X 


X 501/ d02exp(fS'[0i]-iS'[02]-FiS'/[0i,02]), 


( 8 ) 


<t>0 
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where 


and 


S[(l)l,2] = j d‘^X > 


(9) 


Si = --X / d'^xAF{x,x){(j)l - (j)l)+ 


( 10 ) 


9XH 


4 

9XH 


d'^x d%4>l (x) ( Af (x, y)f(t)l {y) - 
d'^x d'^2/0^(x)(A_(x,?/))V^(|/)+ 


9AS 


d xd y(j) 2 ix){ADix,y)) 02 (l/) + ---, 


where 0i^2 are the Schwinger-Keldysh components of the field 0*, and Ap-^o are Feynman, 
negative frequency Wightman and Dyson propagators of the “fast” field 0/, respectively 34| . 
It is easy to see that the expression ([9]) is essentially the same as ([7]), that is of no surprise 
since an observer with an IR cutoff cannot distinguish between $ and 0^. 

The part of the Feynman-Vernon functional (ITO)) that is interesting for us can be rewritten 


as 


Si = iX^ / d'^xd%{(j)l{x) - (j)l{x))iy{x - y)i(j)l{y) - (j)liy))- 


( 11 ) 


-A^ / d‘^+^xd'^+^(0^(x)-0^(x))/i(x-|/)(0^(?/) + 0^(?/)) + 


(note that non-trivial effects including the one of decoherence appear in the earliest only at 
the second order in A). 

An important observation to make is that since the considered non-renormalizable theory 
becomes trivial in the continuum limit, see (I5l), the kernels /i and u can be approximated as 
local, i.e., y{x—y) ~ yo6{x—y), u^x—y) ~ voS^x—y). This is due to the fact that fluctuations 
(50 ~ 0j are (almost) decoupled from the master field 4> ~ 0^ in the continuum limit, their 
contribution to ([9]) is described by the (almost) Gaussian functional. Correspondingly, if one 
assumes factorization and Gaussianity of the initial conditions for the modes of the “fast” 
field 0/, the Markovian approximation is valid for the functional (ED, (UnD- 
A rather involved calculation (see 
to the master equation 

0 p(t, 0 „ 0 'J 


2l| ) then shows that the density matrix (IHD is subject 


= - / cT* ^x[if/(x,r),p] 


dt 


( 12 ) 
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Hi ^ ^AVo(0^(r,x) -0f(r,a;))^ 

where only terms of the Hamiltonian density Hj, which lead to the exponential decay of 
non-diagonal matrix elements of p are kept explicitly, while ... denote oscillatory terms. 

The decoherence time can easily be estimated as follows. If only “quasi’-homogeneous 
master field is kept in (lT 2 i) . the density matrix is subject to the equation 


dp{t, $') 

Wt 




where $ = l(<h -|- <h'). We expect that $ is close to (but does not necesserily coincides with) 
the minimum of the potential H(<h), which will be denoted $0 in what follows. For <F 
i.e., diagonal matrix elements of the density matrix the decoherence effects are strongly 
suppressed. For the matrix elements with <F 7 ^ the decoherence rate is determined by 

r = ^AVoKz_i(<F - $')'$' ^ ^AVoKz_i(<F - <F')'<h2. (14) 


Thus, the decoherence time scale in this regime is 

1 

to 


AVoHd_i($-4>')2$2- 


It is possible to further simplify this expression. First of all, one notes that Ar 


(15) 

will 


be entering the hna 
shown in details in 


answer instead of the bare coupling A. As was discussed above (and 


26 


is suppressed 


27|). the dimensionless renormalized coupling gfrer 

in the continuum limit as where ^ is the physical correlation length. Second, the 

physical volume V satishes the relation V < (amounting to the statement that the 

continuum limit corresponds to correlation length being of the order of the system size). 
2 

Finally, <Fq ~ ~ be., every quantity in (lT5l) can be presented in terms of the 


physical correlation length ^ only. This should not be surprising. As was argued in the 
previous Sections, the mean held theory description holds effectively in the limit A ^ 00 (or 
^ —)■ cxd), which is characterized by uncoupling of huctuations from the mean held <F. Self¬ 
coupling of huctuations 6(j) is also suppressed in the same limit, thus the physical correlation 
length ^ becomes a single parameter dehning the theory. The only ehect of taking into 
account next orders in powers of A (or other interactions!) in the ehective action (I9l) and 
the Feynman-Vernon functional (fTOj) is the redehnition of which ultimately has to be 
determined from observations. In this sense, (IT^ holds to all orders in A, and it can be 
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expected that 


where 6^ 


tD > Const.? ■ K/5?), 


(16) 


1 $ — universally for all <h, of physical interest. 

According to the expressions flT^ . (IT6|) decay of non-diagonal elements of the density 
matrix p(f, $i,<h 2 ) would take much longer than ^/c (where c is the speed of light) for 
|*hi —$ 2 ! "C |<hi-|-<h 2 |. It still takes about ~ ^/c for matrix elements with I<hi — <h 2 1 ~ |$i-|-d> 2 | 
to decay, a very long time in the limit ^ ^ 00 . 

Finally, if $ 7 ^ $ 0 , i.e., the “vacuum” is excited, $ returns to minimum after a certain 
time and fluctuates near it. It was shown in 
equation 


21| that the held <I> is subject to the Langevin 

(17) 


2/io$o^ + - $ 0 ) ^ 


m) = 0 , 

where the random force is due to the interaction between the master held $ and the fast 
modes 50, determined by the term |A<I)^50^ in the ehective action. (The Eq. ([T7|) was 
derived be application of Hubbard-Stratonovich transformation to the ehective action for 
the helds <I> and 50 and assuming that $ is close to <I>o.) The average 

,2 


($) - $0 ~ - %) exp 


m 


'{t hnit) 


2/io‘ho 

so the master held rolling towards the minimum of its potential plays a role of “time” in 
the theory. The roll towards the minimum $0 is very slow, as the rolling time 




MO 

'/Xrr 


^ is large in the continuum limit ^ 0. Once the held reaches the minimum. 


there is no “time”, as the master held $ providing the function of a clock is minimized. The 
decoherence would naively be completely absent for the superposition state of vacua ±$0 
as follows from (B. However, the physical vaccuum as seen by a coarse-grained observer 
is subject to the Langevin equation (ITT)) even in the closest vicinity of <h = i'Foj S'lid the 
huctuations (($ — * 1 ) 0 )^) are never zero; one roughly has 

$01^0 


(($ - $ 0 )^) 


m/io 


which should be substituted in the estimate (IT^ for matrix elements with $ <I)o 
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What was discussed above holds for coarse-graining scales p > where i?iR is given by 
the expression ((21). If the coarse-graining scale is p < -^ir ) fhe EFT description breaks down, 
since at this scale the effective dimensionless coupling between different modes becomes of 
the order 1, and the modes contributing to (ps and 0/ can no longer be considered weakly 
interacting. However, we recall that at probe scales I > Rm the unbroken phase mean field 
description is perfectly applicable (see above). This again implies extremely long decoherence 
time scales. 

The emergent physical picture is the one of entangled states with coherence surviving 
during a very long time (at least ~ ^/c) on spatial scales of the order of at least The 
largeness of the correlation length ^ in statistical physics models describing the vicinity of 
a first order phase transition implied a large scale correlation at the spatial scales ~ As 
was suggested above, the decoherence is indeed very ineffective in such theories. We shall 
see below that the physical picture presented here has a very large number of analogies in 
the case of decoherence in quantum gravity. 


C. Decoherence in fnnctional Schrodinger pictnre 


Let us now perform a first quantization analysis of the theory and see how decoherence 
emerges in this analysis. As the master field $ is constant in space-time, the field state 
approximately satisfies the Schrodinger equation 


H$|T($)) = Eo|T($)), 


where the form of the Hamiltonian follows straightforwardly from 


1 ^2 1 1 


The physical meaning of Eq is the vacuum energy of the scalar held, which one can safely 
choose to be 0 . 

Next, one looks for the quasi-classical solution of the Schrodinger equation of the form 
To(‘h) ~ exp(iS'o(‘h)). The wave function of huctuations Sp (or pf using terminology of the 
previous Subsection) in turn satishes the Schrodinger equation 


' dr 




(18) 
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where ^ and Hst/) is the Hamiltonian of fluctuations 6(j), 


where and the full state of the field is \E'(<h,50) 


\l/o(*h)'0(*h, (50) ~ exp(iS'o($))0($, (50) (again, we natural 
was a factorized Gaussian). It was previously shown (see 


V assume that the initial state 


17| and references therein) that 


the “time”-like affine parameter r in (11^ coincides in fact with the physical time t. 
Writing down the expression for the density matrix of the master field $ 

p(0<hi,<h2) = Tr5^(^($i,(50)^*($2,<50)) = 


= Pq 'D(500(r,<hi,(50)0*(r, $2,(50), 


(19) 


where 


po = exp (fS'o($i) - i5'o($2)), 

5o($) = ^W_i($)2 T 

one can then repeat the analysis of jl7|. Namely, one takes a Gaussian ansatz for 0(r, $, (50) 
(again, this is validated by the triviality of the theory) 


0(r, $, 50) = N{t) exp 


where N and G satisfy the equations 


d p50(p)G(p,r)50(p) , 


^dlo^ = M, 
dr 

-t ——— = -n [p, t)+uj (p, r), 
t) = p^ + w? + 3A$^ + ..., 

and the trace denotes integration over modes with different momenta: 


( 20 ) 

( 21 ) 


TMl = U- 


d'^ ^p 




The expression for N(t) can immediately be found using the Eq. (120]) and the normalization 
condition 

[ P50|0(r, $,50)|^ = 1 
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(if N{t) = |iV(r)| exp(z^(r)), the former completely determines the absolute value |iV(r)|, 
while the latter — the phase ^{r)). Then, after taking the Gaussian functional integration 
in (IT^ . the density matrix can be rewritten in terms of the real part of r) as 


p(<hi, $2) 


Po'\/det(Re(<hi)) det(Re(<h 2 )) 


exp 


\/dnt(r2($7y'+~G*($^ 

Assuming the closeness of $1 and $2 and following 


-i / dt' ■ (ReG($i) - ReG($ 2 )) 


17| we expand 


^($ 2 ) ^ G(<h) + G'(<h)A + ^G"(<h)A2 + ..., 

where again $ = !($! + ^* 2 ), A = !($! — $ 2 ), and keep terms proportional to A^ only. A 
straightforward but lengthy calculation shows that the exponentially decaying term in the 
density matrix has the form 


exp(-D)=e.p(-TrAWAA.). (22) 

where D is the decoherence factor, and the decoherence time can be directly extracted from 
this expression. 

To do so, we note that G(<h) is subject to the Eq. When $ = $ 0 , one has 

and G does not have any dynamics according to fl 2 ip . However, if $12 7 ^ 5>o, As 

the dynamics of <h is slow (see Eq. (fT7|) h one can consider a; as a function of the constant 
held <h and integrate the Eq. fl 2 Tl) directly. As the time t enters the solution of this equation 
only in combination cot, one immediately sees that the factor (| 22 |) contains a term ~ t in 
the exponent, dehning the decoherence time. The latter coincides with the expression (lT5i) 
derived in the previous Section as should have been expected. 

Thus, the main conclusion of this Section is that the characteristic decoherence time scale 
in non-renormalizable held theories akin to the theory in number of dimensions higher 
than 4 is at least of the order of the physical correlation length ^ of the theory, which is 
taken to be large in the continuum limit. Thus, decoherence in the nearly continuum limit 
is very inehective for such theories. 


IV. DECOHERENCE OF QFTS ON CURVED SPACE-TIMES 

Before proceeding to the discussion of the case of gravity, it is instructive to consider how 
the dynamics of decoherence of a QFT changes once the theory is set on a curved space¬ 
time. As we shall see in a moment, even when the theory is renormalizable (the number 
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of space-time dimensions d = d^p), the setnp featnres many similarities with the case of a 
non-renormalizable held theory in the hat space-time discussed in the previous Section. 

Consider a scalar QFT with potential V{(j)) = in 4 curved space-time 

dimensions. Again, we assume the nearly critical ”T —)■ T" case, and that is why the 
renormalized quadratic term determining the correlation length of the theory ^ ~ 

n^renorm i^ Set to vauish (compared to the cutoh scale A, again for dehniteness A ~ Mp). 

The scale ^ is no longer the only relevant one in the theory. The structure of the Riemann 
tensor of the space-time (the latter is assumed to be not too curved) introduces new infrared 
scales for the theory, and the dynamics of decoherence in the theory depends on relation 
between these scales and the mass scale m. Without a much loss of generality and for the 
sake of simplicity, one can consider a dS^ space-time characterized by a single such scale 
(cosmological constant) related to the Ricci curvature of the background space-time. It is 
convenient to write 

V (0) = Vo + 

assuming that the Vq term dominates in the energy density. 

At spatio-temporal probe scales much smaller than the horizon size Hq 
can choose the state of the held to be the Bunch-Davies (or Allen-Mottola) vacuum or an 
arbitrary state from the same Fock space. Procedures of renormalization, construction the 
effective action of the theory and its Feynman-Vernon inhuence function are similar to the 
ones for QFT in Minkowski space-time. Thus, so is the dynamics of decoherence due to 
tracing out unobservable UV modes; the decoherence time scale is again of the order of the 
physical correlation length of the theory: 

tn ~ ~ 771 , 

in complete analogy with the estimate (lT 6 l) . This standard answer is replaced by 

to ~ (23) 

when the mass of the held becomes smaller than the Hubble scale, <C H^, and the naive 
correlation length ^ exceeds the horizon size of dS' 4 . (The answer (12^ is correct up to a 
logarithmic prefactor log(ifo)-) 

It is interesting to analyze the case -C Hq in more details. The answer (Hg is 
only applicable for a physical observer living inside a single Hubble patch. How does the 
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decoherence of the held 0 look like from the point of view of a meta-observer, who is able 


to probe the super-horizon large scale structure of the held (j) 


351? It is well-known 36. 37| 


that the held 0 in the planar patch of dS^ coarse-grained at the spatio-temporal scale of 
cosmological horizon is (approximately) subject to the Langevin equation 


3ifo^ = -mV-A03 + /(t), (24) 

dt 

{/(()/(*'» = - *'). 

where average is taken over the Bunch-Davies vacuum, very similar to (ITT)) , but with the 
diherence that the amplitude of the white noise and the dissipation coefficient are correlated 
with each other. The corresponding Fokker-Planck equation 


dp(t,<t>) ^ j__s ,A , 

dt 3Hod4>\ a<t> ^ ’P'J Sr't difi^ 


(25) 


describes behavior of the probability P{t, cf)) to measure a given value of the held 0 at a 
given moment of time at a given point of coarse-grained space. Its solution is normalizable 
and has an asymptotic behavior 


As correlation functions of the coarse-grained held 0 are calculated according to the pre¬ 
scription 

{(p^{t,x)) J dcf)- 

(note that two-, three, etc. point functions of 0 are zero, and only one-point correlation 
functions are non-trivial) what we are dealing with in the case (126|) is nothing but a mean 
field theory with a free energy F = ^1/(0) calculated as an integral of the mean held 0 
over the 4—volume ~ of a single Hubble patch. As we have discussed in the previous 
Section, decoherence is not experienced as a physical phenomenon by the meta-observer at 
all. In fact, the coarse-graining comoving scale Ic separating the two distinctly diherent 
regimes of a weakly coupled theory with a relatively slow decoherence and a mean held 
theory with entirely absent decoherence is of the order 


Pin ~ H^^exp^Sds), 


where Sds = 


irMp 

IJ2 

^0 


is the de Sitter entropy (compare this expression with l)2|)). 


(27) 
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Overall, the physical picture which emerges for the scalar quantum held theory on dS^ 
background is not very different from the one realized for the non-renormalizable held 
theory in Minkowski space-time, see Fig. [3j 

• for observers with small coarse-graining (comoving) scale I < the decoherence 
time scale is at most which is rather large physically (of the order of cosmological 
horizon size for a given Hubble patch). 


• for a meta-observer with a coarse-graining (comoving) scale I > i^iR, where Rjb, is given 
by fl27)) . the decoherence is absent entirely, and the underlying theory is experienced 
as a mean held by such meta-observers. 


Another feature of the present setup which is consistent with the behavior of a non- 
renormalizable held theory in a hat space-time is the breakdown of the ehective held theory 


for the curvature perturbation in the IR 3^ (as well as IR breakdown of the perturbation 
theory on a hxed dS^ background) 39j, compare with the discussion in Section IIIII The 
control on the theory can be recovered if the behavior of observables in the EFT regime is 
glued to the IR mean held regime of eternal inhation j^|. 


V. DECOHERENCE IN QUANTUM GRAVITY 


Given the discussions of the previous two Sections, we are hnally ready to muse on the 
subject of decoherence in quantum gravity, emergence of time and the cosmological arrow 
of time, focusing on the case of d = 3 -|- 1 dimensions. The key observation for us is that 
the critical number of dimensions for gravity is d^p = 2, thus it is tempting to hypothesize 
that the case of gravity might have some similarities with the non-renormalizable theories 
discussed in Section m 

One can perform the analysis of decoherence of quantum gravity following the strategy 
represented in Section [III B1 i.e., studying EFT of the second-quantized gravitational de¬ 
grees of freedom, constructing the Feynman-Vernon functional for them and extracting the 
characteristic decoherence scales from it (see for example Hj). However, it is more conve¬ 
nient to follow the strategy outlined in Section IIII Cl Namely, we would like to apply the 
Born-Oppenheimer approximation 0 to the Wheeler-de Witt equation 

^ I + Vhi^iM'iR -H^\^ = 0 (28) 


V Mf, dhijdhki J 
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Figure 3. The hierarchy of decoherence scales for a metaobserver in dSo space. Rh 
represents the Hubble radius, at comoving scales < the correct physical description is the one 
in terms of interacting QFT in a de Sitter-invariant vacuum state; the freeze-out of modes leaving 
the horizon, vanishing of the decaying mode and decoherence of the background field (“master field” 
<h) proceeds at comoving scales Rh < I < i?decoherence) where the latter is by a few efoldings larger 
than the former, see the next Section; at Rh < I < .Rdecoherencethe field d> and related observables 
are subject to the Langevin equation (1241) and represent a stochastic time-dependent background 
of Hubble patches; at comoving scales > given by (1271) the stochastic field reaches the 
equilibrium solution (I26p of the Fokker-Planck equation (1251) . and the notion of time is not well 
defined; the correct description of the theory is in terms of the mean/master field with partition 
function given by (1261) . 


describing behavior of the relevant degrees of freedom (gravity + a free massive scalar 
held with mass m and the Hamiltonian Hm)- As usual, gravitational degrees of freedom 
include functional variables of the ADM split: scale factor a, shift and lapse functions 
and the transverse traceless tensor perturbations hij. The WdW equation (l28l) does not 
contain time at all; similar to the case of the Fokker-Planck equation fl25p for inhation 


36| the scale factor a replaces it. Time emerges only after a particular WKB branch of 


the solution T is picked, and the WKB piece 'ip{a) ~ exp(iS'o) of the wave function T is 


explicitly separated from the wave functions of the multipoles V’n ll7|, so that the full state 
is factorized: T = ^/’(a) rin^'n- Similar to the case discussed in Section UlI Cl the latter then 
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satisfy the functional Schrodinger equations 

(29) 

(compare to fflSj) ). In other words, as gravity propagates in d = 4 > = 2 space-time 

dimensions, we assume a almost complete decoupling of the multipoles V'n from each other. 
Their Hamiltonian Hn is expected to be Gaussian with possible dependence on a: 'i/'n’s are 
analogous to the states 'ijj described by (1T8|) in the case of a non-renormalizable field theory 
in the flat space-time. (We note though that this assumption of decoupling might, 
generally speaking, break down in the vicinity of horizons such as black hole horizons, where 
the effective dimensionality of space-time approaches 2 , the critical number of dimensions 
for gravity.) 

The affine parameter r along the WKB trajectory is again defined according to the 
prescription 


d d d 
= —bo 


dt 


da 


and starts to play a role of physical time [l7j. One is motivated to conclude that the 
emergence of time is related to the decoherence between different WKB branches of the 
WdW wave function T, and such emergence can be quantitatively analyzed. 

It was found in jl^ by explicit calculation that the density matrix for the scale factor a 


behaves as 


p(ai, 02 ) ~ exp{-D) 

with the decoherence factor for a single WKB branch of the WdW solution is given by 

Tfl 

-D ~ ^(oia2)(ai - 02 ). (30) 

We note the analogy of this expression with the expression (|22|) derived in the the Section 
IIII Cl decoherence vanishes in the limit ai = 02 (or oi = — 02 ) and is suppressed by powers of 
cutoff Mp {m/Mp can roughly be considered as a dimensionless effective coupling between 
matter and gravity). In particular, decoherence is completely absent in the decoupling limit 
Mp —y 00. 

To estimate the involved time scales, let us consider for definiteness the planar patch of 
(iS '4 with a{t) ~ exp(ifo^)- If immediately follows from (l30|) that the single WKB branch 
decoherence only becomes effective after 

H«U>\oJ ) (31) 

- 02 ) J 
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Hubble times, a logarithmically large number of efoldings in the regime of physical interest, 
when Mp 3> niphys —t 0 (see also discussion of the decoherence of cosmic fluctuations 


m 


42|, where a similar logarithmic amplification with respect to a single Hubble time is 
found). Similarly, the decoherence scale between the two WKB branches of the WdW 
solution (corresponding to expansion and contraction of the inflating space-time) 


can be shown to be somewhat smaller jl7, M|: one finds for the decoherence factor 

mHnO? 


D 


Ml 


and the decoherence time (derived from the bound D[td) > 1) is given by 


still representing a logarithmically large number of efoldings. Taking for example m ~ 100 
GeV and Hq ~ 10“"^^ GeV one finds H^td 300. Even for inflaitonary energy scale Hq ~ 10^® 
GeV the decoherence time scale is given by H^td ~ 3 inflationary efoldings, still a noticeable 
number. Interestingly, it also takes a few efoldings for the modes leaving the horizon to 
freeze and become quasi-classical. 

Note that (a) Hq does not enter the expression (l3T|) at all, and it can be expected to 
hold for other (relatively spatially homogeneous) backgrounds beyond dS'^, (b) (ITID is pro¬ 
portional to powers of effective dimensionless coupling between matter and gravity, which 
gets suppressed in the “continuum”/decoupling limit by powers of cutoff, (c) decoherence is 
absent for the elements of the density matrix with oi = ± 02 . These analogies allow us to 
expect that a set of conclusions similar to the ones presented in Sections IIIII and [23] would 
hold for gravity on other backgrounds as well: 


we expect the effective field theory description of gravity to break down in the IR at 
scales I 


I 


IR 


43| : the latter is exponentially larger than the characteristic scale of 


curvature radius ~ Rp of the background; we roughly expect 

/ Gonst. 


IR 


Rh exp 


\MpR 


H 


(33) 


at very large probe scales I > /jr gravitational decoherence is absent; a meta-observer 
testing theory at such scales is dealing with the “fuU” solution of the Wheeler-de Witt 
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equation, not containing time in analogy with eternal inflation sale (|27|) in dS space- 
time fllled with a light scalar held, 

• at probe scales I < Rh purely gravitational decoherence is slow, as it typically takes 
tf) > Rh for the WdW wave function ~ ci exp(iS'o[a]) -fC2exp(—iS'o[a]) to decohere, 
if time is measured by the clock associated with the matter degrees of freedom. 


Finally, it should be noted that gravity differs from non-renormalizable held theories de¬ 
scribed in Sections miinii in several respects, two of which might be of relevance for our 
analysis: (a) gravity couples to all matter degrees of freedom, the fact which might lead 
to a suppression of the corresponding effective coupling entering in the decoherence factor 
(130|) and (b) it effectively couples to macroscopic configurations of matter fields without 
any screening effects (this fact is responsible for a rapid decoherence rate calculated in the 


classic paper 


20|). Regarding the point (a), it has been previously argued that the actual 


scale at which effective held theory for gravity breaks down and gravity becomes strongly 
coupled is suppressed by the effective number of matter fields N (see for example 4^, where 
the strong coupling scale is estimated to be of the order Mp/\/N, rather than the Planck 
mass Mp). It is in fact rather straightforward to extend the arguments presented above to 
the case of N scalar fields with Z 2 symmetry. One immediately finds that the time scale of 
decoherence between expanding and contracting branches of the WdW solution is given by 


~ [mNRmi) 

(to be compared with the Eq. fl32lP . while the single branch decoherence proceeds at time 
scales of the order 

f \ 

Hotd > log 3 .r 3 / 2 f^ - 1 • 

For the decoherence between expanding and contracting WdW branches discussed in this 
Section and for the emergence of cosmological arrow of time, it is important that most of 
the matter fields are in the corresponding vacuum states (with the exception of light scalars, 
they are not redshifted away), and the effective N remains rather low, so our estimations 
remained affected only extremely weakly by N dependence. As for the point (b), macroscopic 
configurations of matter (again, with the exception of light scalars with m <C Hq) do not 
yet exist at time scales of interest. 
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VI. DISCUSSION 


We have concluded the previous Section with an observation that quantum gravitational 
decoherence responsible for the emergence of the arrow of time is in fact rather ineffective. 
If the typical curvature scale of the space-time is ~ i?, it takes at least 

Pp 


N ~ log 




R 


> 1 


(34) 


efoldings for the quasi-classical WdW wave-function -0 ~ ci exp(iS'o[a]) -f- C 2 exp(—iS'o[a]) 
describing a superposition of expanding and contracting regions to decohere into separate 
WKB branches. Whichever matter degrees of freedom we are dealing with, we expect the 
estimate (IMj) to hold and remain robust. 

Once the decoherence happened, the direction of the arrow of time is given by the vector 
dt = daSoda] at smaller spatio-temporal scales than flM|) the decoherence factor remains 
small, and the state of the system represents a quantum foam, the amplitudes ci ^2 de¬ 
termining probabilities to pick an expanding/contracting WKB branch, correspondingly. 
Interestingly, the same picture is expected to be reproduced once the probe scale of an ob¬ 
server becomes larger than characteristic curvature scale R. As we explained above, the 
ineffectiveness of gravitational decoherence is directly related to the fact that gravity is a 
non-renormalizable theory, which is nearly completely decoupled from the quantum dynam¬ 
ics of the matter degrees of freedom. 

If so, a natural question emerges why do we then experience reality as a quasi-classical one 
with the arrow of time strictly directed from the past to the future and quantum mechanical 
matter degrees of freedom decohered at macroscopic scales? Given one has an answer to the 
first part of the question, and the quantum gravitational degrees of freedom are considered as 
quasi-classical albeit perhaps stochastic ones, its second part is very easy to answer. Quasi- 
classical stochastic gravitational background radiation leads to a decoherence of matter 
degrees of freedom at time scale of the order 


to 


Mp 


El — Eq 


where Ei ^2 two rest e nerg ies of two quantum states of the considered configuration of matter 


(see for example 


45 


rr 


j|, l46|). This decoherence process happens extremely quickly for macro¬ 
scopic configurations of total mass much larger than the Planck mass Mp 10 ® kg. Thus, 
the problem, as was mentioned earlier, is with the first part of the question. 
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As there seems to be no physical mechanism in quantized general relativity leading to 
quantum gravitational decoherence at spatio-temporal scales smaller than flM|) . an alter¬ 
native idea would be to put the burden of fi xing the arrow of time on the observer. In 
particular, it is tempting to use the idea of j£Zl, l48|, where it was argued that quasi-classical 
past —)• future trajectories are associated with the increase of quantum mutual information 
between the observer and the observed system and the corresponding increase of the mutual 
entanglement entropy. Vice versa, it should be expected that quasi-classical trajectories 
future —)■ past are associated with the decrease of the quantum mutual information. Indeed, 
consider an observer A, an observed system B and a reservoir R such that the state of the 
combined system ABR is pure, i.e., i? is a purification space of the system AB. It was 


shown in 


47 1 that 


A5(A) + ^S{B) - ^S{R) - AS{A :B)=0, 


(35) 


where AS{A) = S{pA,t) — S{pA,0) is the difference of the von Neumann entropies of the 
observer subsystem described by the density matrix pA, estimated at times t and 0, while 
AS {A : B) is the quantum mutual information difference, trivially related to the difference in 
quantum mutual entropy for subsystems A and B. It immediately follows from fl3^ that an 
apparent decrease of the von Neumann entropy AS{B) < 0 is associated with the decrease 
in the quantum mutual information AS {A : B) < 0, very roughly, erasure of the quantum 
correlations between A and B (encoded the memory of the observer A during observing the 
evolution of the system B). 

As the direction of the arrow of time is associated with the increase of von Neumann 
entropy, the observer A is simply unable to recall behavior of the subsystem A associated with 
the decrease of its von Newmann entropy in time. In other words, if the physical processes 
representing “probing the future” are possible to physically happen, and our observer is 
capable to detect them, she will not be able to store the memory about such processes. 
Once the quantum trajectory returns to the starting point (“present”), any memory about 
observer’s excursion to the future is erased. 

It thus becomes clear discussion of the emergence of time (and physics of decoherence 
in general) demands somewhat stronger involvement of an observer than usually accepted 
in literature. In particular, one has to prescribe to the observer not only the infrared and 
ultraviolet “cutoff” scales defining which modes of the probed fields should be regarded 
as environmental degrees of freedom to be traced out in the density matrix, but also a 
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quantum memory capacity. In particular, if the observer does not possess any quantum 
memory capacity at all, the accumulation of the mutual information between the observer 
and the observed physical system is impossible, and the theorem of j^, 48| does not apply: 
in a sense, the “brainless” observer does not experience time and/or decoherence of any 
degrees of freedom (as was earlier suggested in (49|). 

It should be emphasized that the argument of ^ applies only to quantum mutual 


information; such processes are possible that the classical mutual information Sci{A : B) 
increases, whereas the quantum mutual information S'(y4 : B) decreases: recall that the 
quantum mutual information S{A : B) is the upper bound of Sci{A : B). Thus, the logic of 


the expression (l35|) applies to observers with “quantum memory” with exponential capacity 
in the number of qubitsj^ rather than with classical memory with polynomial capacity 
such as the ones described by Hopfield networks. 
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